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This paper provides a description of multicomponent 
diffusion in a one-dimensional semi-infinite system with 
finite net mass-transfer rate across the single bounding 
surface. Specifically, the time-dependent concentration 
profiles are calculated for a step change in interfacial con- 
ditions in a phase of previously uniform composition. 
These profiles are obtained as functions of the initial and 
final interfacial compositions, the necessary diffusion co- 
efficients, and the ratio R of the absolute mass fluxes ni of 
any two of the diffusing species. The mass flux of any com- 
ponent through the system boundary then may be cal- 
culated readily from these concentration profiles and the 
multicomponent analogue of Fick's first law of diffusion. 

This development is thus a generalization of the Arnold 
problem ( 1 )  both to an arbitrary number of components 
and to arbitrary interfacial mass-flux ratios. This work was 
performed primarily to aid in the determination of multi- 
component diffusion coefficients, but also may be used to 
extend penetration theory to multicomponent mixtures. 

The flux equations chosen to express diffusion rates may 
be written as 

r-1 
ni = - C Doti V pi + piv0 (1)  

j=1 

Similar equations without the final term were used by 
Gosting and co-workers (2, 3 ) .  Equation (1) defines a 
nonsymmetric matrix D O  of diffusion coefficients consist- 
ent with the principles of irreversible thermodynamics and 
is of the type developed by Onsager ( 4 ) .  It is most useful 
for systems where the partial specific volumes may be as- 
sumed constant. This assumption is excellent for most 
gaseous and liquid systems. Formally identical sets of 
equations may be developed for other reference velocities, 
for example, the mass-average velocity which is the most 
useful reference for systems of constant density. These 
alternate expressions define different but related multi- 
component diffusivities (5, 6), but may be treated in the 
same way as Equation (1). 

MATHEMATICAL DESCRIPTION OF THE SYSTEM 

This section gives the differential equations and bound- 
ary conditions necessary to calculate the concentration 

profiles. Equation (1) is introduced into the continuity 
equation for any species to obtain for the one-dimensional 
case, with Do constant 

j=1 

a v o  
ln  Equation ( 2 ) ,  use is made of the fact that - is zero 

for a system in which the partial specific volumes are con- 
stant. Mathematically, this may be shown by multiplying 
the equation of continuity by Vi, summing over all T 

species, and using the relation C P i V i  = 1. Equatilon ( 2 )  

is to be solved with the initial and boundary conditions 
for 

for 

for 

In addition, to evaluate the mass fluxes with respect to the 
interface (which is taken as the origin of the coordinate 
axes) one flux ratio is needed. This is stated as n r  == Rnm 
where nr is the component whose flux is not independent 
at the interface and n,,, is the flux of any other component. 
One example is that of a liquid solution containing a single 
nonvolatile component exposed to a gas phase at z: = 0. 
In this case R = 0 and nr = 0 at  the interface. TO find v0, 
one combines this relation and Equation ( 1) , multiplies 
the result by vi, and sums from i = 1 to i = ( r  - 1) : 

6% 

r 

i=1  

t 6 0, z > 0 pi = pi- (3 )  

t > 0, z = 0 pi == pi0 (4)  

t <  00, Z =  00 p i = p i -  (5)  

i=1 j=1 j=1 
00 = - (6)  

Vf ( p ~  - R p m )  

This result may be inserted as desired into Equation ( 2 )  
to eliminate oo. 
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The description of this system is now complete, but fur- 
ther mathematical simplification is possible. When the 
system description is rewritten in terms of the new quan- 
tities 

y = 2 / 2  v't- ( 7 )  

pi - pim 

pi0 - pim 
xi = - 

where h is a constant 

dpj r - l  dpi 

dY 4 dY 

r -1  r-1 2' Vi D'ij - + R Vr D"mj - 
j=1 

(11) 
1 i=l  j = l  A = - -  
2 

__ 
Vr ( p r  - R p") 

The boundary conditions become 

SOLUTION FOR MASS CONCENTRATION PROFILES 

Although Equation (10) is a second-order differential 
equation, it includes ( T  - 1) concentration gradients. 
Thus the set of ( r  - 1) Equation (12) must be solved 
simultaneously. First one allows that 

j = l  

If the determinant of DOa is not zero, E may be defined 
as inverse matrix of DOa. When both sides of Equation 
(14) are multiplied by E and the resdt is substituted into 
Equation ( lo ) ,  one obtains 

Equation (15) represents a set of simultaneous homogene- 
ous linear equations (7 ) .  Since E and d /d [  (y  - A)2]  com- 
mute, solutions of the form exp (- u ( y  - are as- 
sumed and a polynomial in u is obtained: 

det [ E a k  - U&k]  = 0 

The roots of this polynomial are known if there are five 
or fewer components. Equal roots may be handled by usual 
procedures. For unequal roots, the solution is 

(16) 

r -1  

(Yk = 2 Bklexp [ u ~ ( y - A ) ~ ]  (17) 
1=1 

Because the (Yk must satisfy Equation (15),  there are ad- 
ditional restraints on the integration constants: 

r-1 r-1 o=x ( E a k - & k U l ) B k l =  2 F i k B k l  ( 1 8 )  
k = l  k = l  

After Equation (17) is substituted into Equation (14) 
and multiplied by E, one integrates and evaluates the 
boundary conditions and restraints by Cramer's rule. The 
resulting expression is 

where 

det [ 2 ( F k m  - 8kl  [ F k m  -k E l m ] )  ] 

det [gl F k m  ] 
7-1 m+k 

(20) 
= k = l  2' 

m*k 

and 

(21) 
det [ M j k  - 8kl (1 + M j k )  ] 

(M),i = 
det M 

Equation (19) gives the concentration profile of each 
component in terms of the diffusion coefficients, the con- 
centration differences, and a constant A, depending on the 
known flux ratio R. When this expression is inserted into 
Equation ( 11 ) , the definition of h, one obtains 
A =  

r-1 ( ,3 V, D O a j  + RVT D"mJ ) (pi. - pi,)  Mj1 { M ) J ~  
r-1 r-1 a = 1  c c  
t = 1  j=1  

[ 1 + erf X dz] [exp ( A2 a) 1 /& 
- 
Vr ( p r  - R pm) v'F 

(22) 

Equations ( 18) through ( 2 2 )  are sufficient for calculation 
ok the concentration profiles. 

DISCUSSION 

In this section, the binary and ternary cases are ex- 
amined in more detail. Because of the complexity of the 
terms involved, the four- and five-component cases are not 
discussed, but they are of similar form and may be found 
by expanding the general equations of tlie previous sec- 
tion. The results of the binary case are particularly simple, 
since 

1 
Doii 

E..-  . -  a t  - Ua - - 
and 

Doll = 0% = Do 

This gives the solution 

( 2 5 )  
- 1-erf [(y-A)/D"] 

1 + erf [A/Do] 
Xi = 

If nz = Rnl at z = 0, then h may be found from the re- 
lation 

p-plo (1 + R )  

p10 - p1, 

The case in which concentration is constant, R = 0, and 
PI, = 0 was derived by Arnold ( I  ) . 
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TABLE 1. CONSTANT EVAPORATING COMPOSITIONS 
A COMPARISON OF THREE CALCULATION PROCEDURES 

Result 

DOTT . l o 2  
DOTE ,102 
DOET . l o2  
D O E E  .lo2 
Const.-evap. comp. 
76 toluene in liquid 

Flux toluene relative 
to flux calculated 
from avg. diffusion 
coefficient 

Coupling 
of flows considered 

Iliffusivities Arithmetic at 
at interfacial average 
composition composition 

4.39 5.01 
0.42 0.31 
0.21 0.19 
8.48 9.50 

17.4 17.1 

0.96 1.00 

Coupling 
neglected 
Binary 

diff usivities 
in air 

7.15 
0.0 
0.0 

12.9 

16.5 

1.14 

Although the results of the ternary case have a similar 
form, they are more complex: 

- 0-2 + Cl 

A is found from Equation (11). In  the limit where X = 0, 
these results reduce to those derived for the infinite case 
( 3 )  4 

EXAMPLE: CALCULATION OF THE CONSTANT- 
EVAPORATING COMPOSITION OF A TOLUENE-ETHANOL 
MIXTURE 

A problem of practical utility in the lacquer industry, 
the calculation of the composition of a constant-evaporat- 
ing mixture, is considered here. To avoid excessive com- 
plication discussion is restricted to isothermal evaporation 
from a binary mixture of ethanol and toluene into stag- 
nant air at  1 atm. absolute pressure. Then the fluxes are 
fixed by the insolubility of air in the liquid and by the re- 
quirement that the toluene and ethanol fluxes be in the 
same ratio as the liquid-phase compositions. There may 
be no mass transfer resistance in the liquid phase. This 
idealized system then may be described by the above de- 
velopment if Do is known for an average composition. 

Binary diffusivities for the system are DTE = 0.036S5, 
DTA = 0.0715, and DEA = 0.129 where T ,  E ,  and A refer 

to toluene, ethanol, and air, respectively (8 to 10). The 
vapor-pressure data is that of Lewis and Squires (1 1 ) . For 
gases and dilute vapors, the multicomponent-diffusion co- 
efficients may be found from this binary data. First, the 
Onsager coefficients are calculated ( 1 2 ) ,  and the results 
are used to find the Do (6) .  Although an average compo- 
sition must be assumed, this assumption does not signifi- 
cantly affect the calculated flux ratio. 

When the multicomponent-diffusion coefficients are 
known, the fluxes may be calculated from the above equa- 
tions. First, E is  found from DOu, U T ~  from Equation (28), 
and A from Equation (11) with R = 0. Combination of 
these values gives the concentration profiles [Equations 
(29), ( 3 0 ) ] .  The derivatives of these profiles are substi- 
tuted into Equation (1) to obtain the fluxes. The results 
of these calculations are shown in Table 1. 

NOTATION 

U ij 

det 
D O  
Do.. 

Dii 
Eij 

F i k  

Mil 

ni 
fi 
t 
Vi 
210 

Y 

- 

5 

= mass-density ratio, Equation (9 )  
= determinental operator 
= nonsymmetric matrix 
= diffusion coefficients based on volume-average 

velocity, Equation (1) 
= binary diffusivity for mixtures of species i and 
= inverse matrix of diffusion coefficients and mass- 

density ratio 
= matrix of restraints on integration constants, 

Equation (18) 
= integration constants, Equation (20) 
= mass flux = ptvui, Equation (1) 
= ratio of r-th flux 
= time 
= partial specific volume 
= volume-average velocity, Equation (1) 
= combined cell coordinate, Equation (7) 
= cell coordinate, Equation (2)  

Greek Letters 
ai 
A 
ui 

pi 
xi 

Su bscriph 
i, j ,  k, E ,  m = components of the mixture 

= reduced flux, Equation (14) 
= constant, a function of R, Equation (11) 
= root of polynomial, Equation (16)  
= mass density of component i, Equation (1) 
= reduced mass density, Equation (8).  
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